ON CONJUGACY CLASSES OF CLOSED SUBGROUPS
In this paper we prove the following statement: the set of oonjugacy classes of closed subgroups of a compact Lie-group is countable* The problem of classification for conjugacy classes of subgroups in Lie groups is an old one. This problem is very difficult and is not completely solved nowadays. It seems to us that E.B. Dynkin was the first who obtained some partial results in this field (see [2] and- [3] ). His results concern the maximal subgroups of the classical groups. Also Malcev has investigated this problem for the symplectic groups, analysing symplectic representations. One can say that many results in the theory of transformation groups and in the representation theory are closely connected with the classification of oonjugacy classes of subgroups (see e.g. [5] , [6] , [7] ). We refer to Bredon's monography [1] , where the large bibliography is given.
The result proven in this paper is also one of the most impdrtant steps in proof of the countability theorem for the set of strata in the orbit space of action of automorphisms on connections (see Throughout this paper we use G to denote a compact Lie group. Our aim is to prove the following fact.
Theorem.
The set of conjugacy classes of closed subgroups of G is countable.
At first we recall few known facts which will be used in the proof of Theorem. We will also use the following simple version of the Mostov-Palais theorem.
Let G act smoothly on a compact manifold M. Then there exist an orthogonal action of G on R n (for some suitably choosen neN) and an equivariant smooth embedding 0 : II -» R n .
ior the proof se [l] , Chapter VI, Theorem 4.1, where a more general statement is given.
This theorem may be expressed in the following way: there exist an orthogonal representation U of G (in R°) and an embedding 8 : M -R n such that Ug6(x) = 0(g*x) for all geG and x e M.
We now prove the following lemmas.
Lemma.
Let H c G be a closed subgroup. Then there exist an orthogonal action of G on R n (for some neN) and a point xQe R n such that H is the isotropy group ax xQ.
Proof. The isotropy group for the standard action of G on U » G/H at eHe H is equal to H. Sinoe G and G/H are compact, we can apply Theorem j and we obtain immediately the statement (with xQ = 8(eH)).
Let & act orthogonally on R n . Then the orbit types of this action are finite in number.
Proof. The isotropy group at 0 e R n is G. If 0 4 x e R n and 0 4 teR,then the isotropy groups at x and at tx are the same. Moreover, the unit sphere is invariant under any orthogonal action. Therefore, for the proof of Lemma it suffices to show that the orbit types of G-action on the unit sphere are finite in number. But this fact follows immediately from Lemma 2.
It is clear that the set of conjugacy classes of closed subgroups in G is infinite. This follows from the fact that On conjugacy classes any infinite compact Lie group contains S 1 as a subgroup and further, S 1 contains nonisomorphic subgroups ZQt neN.
Proof of Theorem 1.
Letus consider the set of equivalence classes of all orthogonal (finite dimensional) representations of 6. As it is well known, this set is countable. This follows from the classification theory f *) of irreducible representations* ' and from the fact that any representation of a compact Lie group decomposes into irreducible finite dimensional representations* Of course, the orbit types of equivalent representation« (= orthogonal actions) are the same. Since for a single orthogonal representation we have the finite number of orbit type« (Lemma 5), then the orbit types coming from all orthogonal representations form the countable set. On the other hand, any conjugacy class of closed subgroups of G appears as an orbit type'occuring for an orthogonal representation (Lemma 4). Hence, the statement follows.
Corollary. For any continuous action of a compact Lie group the set of orbit types is at most countable.
It is easy to show an example of a continuous G-action such th&t the set of orbit types is equal to the whole set of conjugacy classes of closed subgroups in G. For instance, if G = S and 12 is the Hilbert space of square smumble complex sequences, then the action S 1 *l23(Z,(ak)keN) -U k ak)k6H*L2 is continuous and satisfies this property.
It is clear that Znc S^ is the isotropy group at ^nk'keN 6 1 2' It is obvious that the compactness of G oannot be removed in Theorem 1 (e.g. in R n we have uncountable many conjugacy classes of closed subgroups). We have also (in general) un-(*) 1 G is separable, since any compact manifold is. Henoe, Peter-Weyl Theorem is applicable. 
